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Abstract 
 

In this paper we present an extended state-space 
representation for closed-loop systems that allows each 
control task to trigger itself optimizing computing 
resources and control performance. Using this model, the 
executing instance informs the scheduler when the next 
instance should be executed. The next instance execution 
point in time is dynamically obtained as a function of the 
utilization factor and control performance. Preliminary 
results show that control activities are able to define self-
execution patterns that dynamically balance optimal 
levels of control performance and resource utilization.  
 
 

1. Introduction 
 

In real-time control systems, the objective of control 
activities (to control processes) and the objective of 
scheduling policies (to meet deadlines) are accomplished 
separately. This may derive sub-optimal designs in terms 
of both control performance and resource utilization.  

On one hand, control activities optimize control 
performance regardless of the computational demands of 
other tasks. Traditionally, controllers are designed with a 
constant sampling period. In terms of task execution, this 
means that at run-time the controller will demand a 
constant processing capacity. That is, the controller design 
does not allow increasing the execution rate of the control 
task to exploit available resources that may have been 
released by other tasks.  

On the other hand, scheduling techniques optimize the 
use of resources regardless of the dynamics of the control 
application. For instance, a periodic control tasks may not 
require the designed execution rate (processing capacity) 
if the controlled plant is in equilibrium. When a plant is in 
equilibrium, the contribution of each control task instance 
execution can be considered useless. In such situation, the 
processing capacity wasted for those instances could be 
used by other tasks with higher processing demands.    

To overcome these problems, we present an extended 
state-space model for closed-loop systems in which 
computing resources and control performance are jointly 

considered. The model allows each control task to trigger 
itself: each executing instance informs the scheduler when 
the next instance should be executed, thus adjusting its 
timing constraints at run time. The next instance execution 
point in time is dynamically obtained as a function of the 
utilization factor (global parameter) and control 
performance (local parameter)1. Therefore, each control 
task acts as a co-scheduler, helping the scheduler at the 
scheduling decisions. Preliminary results show that 
control activities, at run-time, are able to define self-
execution patterns that dynamically balance optimal levels 
of control performance and resource utilization. 

 

2. State of the art 
 
The model we present resembles the framework 

presented in [3]. They propose to use feedback 
information from the controlled plants to take scheduling 
decisions. Specifically, all control tasks periods are 
proportionally enlarged or shorted at a given time instant 
as a function of the utilization factor. Such mechanism 
does not allow the exchange of processing capacity among 
control tasks if the control application requires higher 
execution rates for specific tasks, as we do.  

The later can be achieved using the elastic model [2]. 
In such model, the elastic coefficient of each task allows 
the scheduler change the task execution rate within 
specified ranges. The elastic coefficients are regarded as 
fixed parameters to be specified before run-time. The 
model we propose matches the elastic model if the elastic 
coefficient of each control task could be treated as a 
dynamic parameter, being a function of the resource 
utilization and control performance. 

  Some similarities may be identified between our 
model and event-based systems. However, in event-based 
systems the sampling period takes random values. Using 
the model we present, the variation of the sampling period 
is dynamically controlled by each control task. 

                                                 
1 The utilization factor of the system is obtained taken into account all 
tasks in the system. Therefore, it is a global parameter and affects all 
tasks. The control performance is obtained by each task from the 
corresponding controlled plant. Therefore, it is a local parameter and 
affects each task.   



3. Problem formulation 
 
For control tasks, the task period is given by the 

sampling period, h, that has to balance the desired control 
performance and the feasible computational demand [6]. 
The sampling period can be selected form a range of 
values. Short periods allow quick reactions when the 
controlled system is affected by perturbations (which is 
positive from a control point of view), but increases the 
processor’s load (which in negative from a resource 
utilization point of view). Long periods decrease the 
processor’s load but may give poor control performance. 

This situation calls for models that can dynamically 
accommodate different values for the control task period 
according to the system load and control performance. 
The model we present allows control tasks to vary their 
period. The exact value for the period (at each control task 
instance execution) is dynamically adjusted depending on 
the controlled system status and the CPU load. 
 

4. Self-triggered task model 
 
The model we propose is an extended state-space 

representation, which includes the controlled plant as well 
as information about the resource utilization. State-space 
models allow us to describe the future response of a 
system, given the present state (characterized by the state 
variables), the excitation inputs and the equations 
describing its dynamics. The extension we suggest is to 
incorporate the task period as a new state variable. 
Therefore, we will be mixing the control behavior 
(already represented in the original state space model) 
with the execution rate of the task (and the CPU load).  

In the following, we develop the model using an 
example. The closed loop system we consider is formed 
by a ball and beam, which is the plant to be controlled, 
and a control task that has to be executed on a processor 
and has to control plant. The ball and beam system has a 
motor that balances a beam in order to keep the ball (that 
can rotate freely along the beam) in the desired beam 
position. The objective of the controller is to actuate on 
the motor to locate the ball in the desired position. To do 
so, at each sampling time, the controller takes the value of 
the position of the ball and the angle of the beam and 
generates the new angle for the beam that derives in the 
corresponding actuation on the motor. 
 
4.1. Original model 

 
A linear discrete-time invariant state-space model [1] 

of the ball and beam is given by equation (1), where xk 
and yk (which are the state variables) represent the 
position of the ball and the beam angle at the k sampling 
instant. The first matrix (2x2 dimension), called system 

matrix, describes the dynamics of the ball and beam. The 
second matrix (2x1 dimensions), called input coefficient 
matrix, links the inputs U (provided by the controller if 
closed-loop operation) with the system dynamics. In both 
matrices, h is the sampling period. U is the available 
vector of inputs; in our case it is the tension (1x1 
dimensions) that we provide to the motor. The input can 
adopt positive and negative values, allowing the motor of 
the beam to rotate to both sides.   
 

 
(1) 

 
 
Note that in the state space representation of the ball 

and beam, at each sampling instant xk and yk vary 
according to the system dynamics and the input. However, 
h, the sampling period, which appears on the matrices as a 
result of the discretization process of a continuous-time 
model, has a constant value that has been chosen at the 
controller design stage. Therefore, h has nothing to do 
with the system state, although it influences its dynamics. 

Recall that the state of the system can be directly 
related to control performance. For instance, a simple rule 
could be the smaller the norm of the state vector, the 
better the controlled system performance. In terms of the 
ball and beam: the smaller is the deviation of the beam 
with respect to the horizontal position and the smaller is 
the distance of the ball with respect to the desired 
location, the better the performance. 
 
4.2. First model modification 

 
We want a model able to accommodate different values 

for the sampling period (i.e., the task period). To do so, 
we extend the state representation of the system with a 
new state variable, the task period, hk, as represented in 
(2)2. Note that for the system in equation (2) a new control 
law giving the appropriate sequence of values for the 
input U is needed. 

 
 

(2) 
 
 
 
In (2), at each task instance execution, the task period 

will be changed according to the state of the system given 

                                                 
2 Note that hk+1 (and not hk) appears inside of the system and input 
matrices.  This is due to the solution of the system equations. In the non-
extended model, the h of the system and input matrices has no index 
(k+1 or k) because it is constant (h at the k instant and h at the k+1 
instant have the same value). In the present model, since hk is a system 
variable that varies form instance execution to instance execution, it is 
necessary to distinguish which is the appropriate k index.  
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by xk, yk and the new state variable hk. The dependency of 
this new variable with the others system variables is given 
by parameters ,  and . Let’s discuss some properties of 
the extended model, depending on values of ,  and : 

 
•  If , �� and ��, then, for each k, hk+1=hk, and the 

system may be considered as the original (1). The 
control law that will give the sequence of inputs U 
can be obtained by classic controller design methods.  

•  If , �� and and 0< <1, the sampling period will be 
decreased at each instance execution, tending to 0, 
thus leading to a system that can not be implemented.   

•  If , �� and and ≥1, the sampling period will be 
increased at each instance execution, tending to ∞, 
thus violating the Shannon’s sampling theorem.  

•  If , �� and zero and 0< <1, we have a system with 
a variable period, each one depending on the previous 
system state.  In particular, each hk+1 value for the 
next task period depends on the previous one ( hk), 
with smooth transitions in period variations. In 
addition, the state space model becomes nonlinear. 
Therefore, finding the adequate control law giving the 
appropriate sequence of inputs U will be a more 
difficult task (see for example [4]), if feasible.   

•  If , �� and ��, we get a variable period system 
depending only on the original state variables. 
Consequently, the more quickly these variables move 
(angle and position), the faster the period changes, 
thus loosing the smooth transitions found in the 
previous case. This may result in values for the 
sampling periods out of the permissible ranges.  

•  If , �� and ≥1, the evolution of the system will 
depend on the specific chosen values for ,  and , 
which require a deeper analysis, out of the scope of 
this paper.   

 
From the model given by (2), three elements should be 

highlighted. First, the system is nonlinear. Second, it 
would be possible to obtain negative values for the task 
period. Considering only a theoretical view, this 
possibility means that the system should return to the past 
in order to modify already taken decisions. But this is 
clearly non-programmable. We could solve this problem 
by using the absolute value for the h in (2). This will 
guarantee that h will be always positive. Finally, it must 
be stressed that the system matrix in (2) includes an hk+1 at 
the k instant, which is an inconsistency. This can be 
solved by substituting the hk+1 value for the expression 
hk+1= xk+ yk+ hk, which is known at the k instant. 
 
4.3. Second model modification 

 
Looking at the final model obtained in the previous 

section, two problems, apart from having a nonlinear 

model, can be identified. First, the absolute value would 
increase the model complexity, because it implies using 
two symmetric models, one for positive values of h and 
the other for negative values. Second, the h may take 
unbounded values, due to the linear relation between h 
and the original state variables. For example, if the state 
variables take huge values, h will quickly increase. 

To solve the previous problems, we suggest limiting 
the possible h values by introducing an appropriate 
function of the state variables, called h-function (instead 
of having a simple linear relation). In addition, taking 
advantage of the h-function, we incorporate the utilization 
factor in the model. Up to now, the model only related the 
varying period of the task with the original state variables 
(as a measure of control performance). In this new 
extension given by (3), we will relate the period variation 
to the control performance and to the processing capacity. 

 
 
 

(3) 
 
 
 
In (3), ζ represents the utilization factor of the 

processor at the k instant and the h-function is given by 
ƒ(.). In (3), hk+1 is obtained by an appropriate function of 
the state of the controlled system and the CPU load. Note 
that the goal of the h-function is to allow the task period to 
take values from a bounded range. The h-function 
determines how h changes at each moment. For instance, 
the same system with two different h-functions may result 
in very different behaviors in terms of CPU load and 
control performance. Note that choosing a specific h-
function could facilitate system schedulability as well as 
improve control performance.  

It is important to point out that for the state space 
model given by (3), the analysis and design of a control 
law can be a complex task. However, it is possible to 
design control laws that guarantee the complete stability 
of the system around a desired working point. These 
techniques range from the system linearization [4] to the 
complex techniques of feedback linearization [7]. 
 
4.4. Selection of the h-function 

 
A natural way for selecting the h-function is to 

translate into a mathematical function the following 
desired rule:  as the controlled system gets closer to the 
desired working point (equilibrium), the period should be 
as large as possible, within the Shannon limit (recall 
discussion of section III). If a perturbation affects the 
system, bringing it away from the equilibrium point, the 
period should be decreased (to improve control 
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performance) taking into account the available processing 
capacity. Mathematically, this can be accomplished by the 
h-function given by (4) 

 
(4) 

 
Note that (4) has a negative exponential shape. The fist 

part of (4) is the exponential function, which depends on 
the original state variables. It allows each value to 
smoothly vary form an upper limit to a lower limit, if the 
exponent of the exponential function is kept positive. 
That’s why we suggest putting the square exponents over 
xk and yk.. Note that the original state variables already are 
a measure of control performance. Otherwise, the 
exponent should include the operation needed to measure 
the controlled system performance.  The second part of 
(4), the function g(ζk), allows correcting the next value of 
h taking into account the processor’s utilization factor.  

 

5. Simulation results 
 
Using the extended model, at each control task instance 

execution, the period selection is in consonance with all 
the elements that are involved in the control of the plant 
and in the scheduling of the task set, thus facilitating the 
optimization of the whole system in terms of both control 
performance and resource utilization. The main goal of 
the presented model is that if several tasks are driven 
according to this model, the processing capacity can be 
dynamically balanced among them according to the 
measured controlled performance, as shown next. 

In Figure 1 we show the execution pattern of two ball 
and beam tasks. The control laws implemented in the two 
tasks have been calculated by means of linearization 
techniques. In Figure 1 we draw four lines. The two upper 
ones correspond to the sequences of task periods (low 
levels mean shorter task periods) for each control task, 
and the lower ones correspond to the dynamics of each 
controlled plant. The utilization factor is injected as a 
simulation variable.  

At the beginning (left side of the figure), both systems 
are stable, so both tasks have the same value for the 
period. When a perturbation affects system1, it brings 
away the plant from the desired working point. This fact 
causes an immediate decrease of the task period 
controlling system 1 (to improve control performance) 
and an increase of the task period controlling 2 (to 
optimize resource utilization). Therefore, the exchange of 
the processing capacity among the two control tasks has 
taken place. Once system 1 is in equilibrium (before the 
perturbation arrival over system 2), task1 and task2 have 
again the same period. A similar processing capacity 
exchange occurs when system2 suffers a perturbation, but 
in inverse direction. 
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6. Conclusions 
 
In this paper we have presented the self-triggered task 

model that drives control task executions according to 
controlled system performance and available processing 
capacity. The model, which extents the original state 
space representation of a controlled plant with the control 
task period, allows control task to adjust their execution 
rate, acting as a co-scheduler. The main research issues 
that derive from this work is the analysis and design of the 
controller as well as the scheduling techniques that can 
support such type of self-triggering control tasks. 
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